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1. INTRODUCTION 
LET PpB denote the moduli space of flat connections on (the trivial SU(2) bundle on) 
a compact, oriented two-manifold P. The space s”, is a stratified space containing an open 
dense set Yg which is a symplectic manifold of (real) dimension 6g - 6. There exists 
a natural line bundle 9 -+ ,Fb, with hermitian metric ( , ), whose restriction to Y9 has 
a connection V with curvature given by the symplectic form o on Y9. 
If we equip the two-manifold Xg with a metric, the resulting Hodge star operator turns 
,Yg into a Klhler manifold, with w as the Kahler form. Setting aside for the moment concern 
with the singularities of Pg,, we arrive at the usual setting for geometric quantization: we are 
given a symplectic manifold (qg, o), a line bundle 3’ + 9, with connection of curvature CO, 
and a polarization of the space of sections of 3. 
The quantization CYY~(C~) = H”(Pg, Yk) of this system has been of importance in 
attempts to construct a topological field theory. A topological field theory would assign to 
every two-manifold Cg the quantization XDk(Cg) of the system (Pg, CO, 9, V), which must be 
proved independent of the choice of Kahler structure on -Fg, coming from a choice of metric 
on X9. The space Xk(Xg) can be given the structure of a Hilbert space with the metric given 
by ((s1,s~)) = j(si>s~)~~~-~. 
A topological field theory would also assign an element sN of the quantization Xk(Xg) 
to every three-manifold N3 whose boundary is given by 8N3 = Cg. If this assignment 
satisfied the axioms of topological field theory, the space Zk(Eg) would be equipped with 
a representation of the group Diff(Xg) of diffeomorphisms of Eg. Furthermore, we would 
obtain invariants of closed three-manifolds as follows. Let N be a closed three-manifold, 
and let N = H be a 
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The construction of the assignment N + sN is available by combinatorial methods (e.g., 
[14]). However so far there is no satisfactory construction of this assignment from the 
geometry of the moduli space gg. The present paper is meant to be a step in that direction. 
Let us focus for a moment on what such a construction would entail. If we quantize 
using a Kahler polarization of Pg, the topological field theory structure must assign to 
a three manifold N bounding C9 an element of Xk(Cg), that is, a holomorphic section of the 
line bundle Y + qq. Now the most natural geometric object on <pg associated with 
a bounding three-manifold N is a Lagrangian subvariety LN, consisting of the moduli space 
of all flat connections on Cg which extend to N as jut connections. Hence we are led to 
consider whether the quantization of gg should instead be constructed in a real polariza- 
tion, where Lagrangian subvarieties play a natural role. 
Recall that a real polarization of a symplectic manifold (M 2n, w) is (roughly) a foliation 
9 of M by Lagrangian submanifolds. The quantization of the prequantum system consist- 
ing of a line bundle d;p -+ M, with connection V of curvature w, is given as follows. We first 
identify those leaves {L:} of the foliation F where the line bundle d;p possesses global 
covariant constant sections si: these are the Bohr-Sommerfeld leaves. We then define the 
quantization as the vector space generated by the covariant constant sections si supported 
along the Bohr-Sommerfeld fibres. Now in [21] it was shown there exists a map rt : Yg + B, 
whose fibres foliated 9, by Lagrangian subvarieties. Furthermore, given a presentation of 
the surface Cg as the boundary of a handlebody H = Hg, the space LH was a leaf of this 
foliation. As we shall see, there does exist a global covariant constant section of 9 restricted 
to LH . Hence we can unambiguously assign an element of the quantization to the bounding 
three manifold Hg. 
In constructing the invariants of closed three-manifolds, however, a subtlety arises, and 
that is that the action of Diff(Xg) does not preserve the foliation of pg, and hence does not 
preserve the quantization. Thus our assignment H -+ LH would not lead directly to a repres- 
entation of the mapping class group or to three-manifold invariants. However, the failure of 
of a group G of symplectomorphisms, acting on a symplectic manifold (M, CO), to preserve 
a foliation of that manifold by Lagrangian subvarieties is a problem often encountered in 
geometric quantization. In this case, a representation of G can often be constructed by the 
Blattner-Kostant-Sternberg (BKS) pairing whenever the action of any element g of G either 
preserves the foliation or carries it to a foliation g 0 9 transverse to the original foliation 8. 
It was shown in [20] that this construction reproduced in the real polarization many of the 
constructions of topological field theory in genus one, as the action of Diff(X’) had the 
desired property for the BKS pairing to be constructed. 
It is easy to check however that this fortunate situation will not be repeated in higher 
genus. In order to make further progress we will therefore have to use a form of the BKS 
pairing appropriate to the case of nontransverse intersections. The procedure is roughly as 
follows. We use halfdensity quantization, which will assign to a system (M, CO, 9, V, 9) (in 
the real polarization given by F) the vector space of covariant constant sections of the 
bundle _Q @ r\‘i2(Li) on the Bohr-Sommerfeld leaves Li. (Here, AI” is the bundle of 
half-densities on Li, provided with a connection we will describe in Section 2.3.) Incidentally 
this allows us to define the Hilbert space structure on the quantization: given two elements 
si @pi, s2 @ p2 E Y;yJL, @ A”‘(Li), we define 
((SIG3 Pl, s2 0 P2)) = 
s 
<Sl, GPlP2 (1.1) 
L, 
Now suppose we are given sections sl 0 pl E I-(5$,, 0 r\‘j2(L1)), and s2 0 p2 E 
I-(_4aIL2 0 A1’2(L2)), supported on intersecting but (possibly) non-transverse Lagrangian 
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subvarieties L1, L2 c M. We shall see that the half-densities pl, p2 allow us to define 
a density on L1 n L2, and thus to provide a BKS pairing of s1 @ p1 and s2 Q pZ. This 
pairing will reduce to the usual form of the BKS pairing when L, and L2 are transverse, and 
to (1.1) when L1 and L2 coincide. 
We can now apply this pairing to the case of the moduli space 9,. Some care will be 
necessary in defining bundles of half-densities on fibres of the polarization of pg since $ is 
not smooth; we do this in Section 4. We will find sections p of this bundle over LH, and 
construct the pairing. When we combine these sections with the covariant constant sections 
of the line bundle Y, we obtain manifold invariants, as described above. Using the results of 
Johnson [13] we will be able to identify these invariants as combinations of Reidemeister 
torsion and Chern-Simons invariants. Our invariants, which arise from topological field 
theory, thus have a direct interpretation in terms of algebraic topology. They therefore form 
a bridge between the manifold invariants of Witten-Reshetikhin-Turaev [l&22] (with 
which they share an origin in geometric quantization) and more classical constructions. 
This relation can be described more precisely in terms of the conjectured weak coupling 
or “large k” limit of the W-R-T invariants. Recall that the W-R-T invariant of a three- 
manifold N depends on an integer parameter k: we denote it by ZWRT(N, k). In the case 
when the space of flat connections on N consists of a discrete set of points, the W-R-T 
invariant is predicted by the path integral computations to satisfy a “semiclassical” asymp- 
totic formula as k + 03 ([S], (1.32)). This semiclassical formula is expressed in terms of 
invariants of flat connections on the three-manifold N; the asymptotic formula involves the 
Chern-Simons invariants CS(A) and the Reidemeister-Ray-Singer torsion z(N; [A]) of flat 
connections A on N. Our invariant (5.13) is then nearly identical to ([S], (1.32)). 
The relation between our invariant and the full W-R-T invariant is more mysterious. In 
genus one [20] it was shown that the full W-R-T invariant could be obtained by assigning 
to the handlebody H not the leaf LH but rather a ‘shifted’ Lagrangian subvariety in the same 
foliation. Whether this type of solution might work in higher genus is a matter of conjecture. 
More information about the Bohr-Sommerfeld leaves of the foliation 7~ in higher genus may 
be found in [l 11. 
This paper is organized as follows. In Section 2 we describe the real polarization on gg, 
and then review geometric quantization using real polarizations. Section 3 is devoted to 
constructing a covariant constant section of the line bundle _!Y over the fibre LH of the 
polarization. This construction uses the Chern-Simons cocycle for the action of the gauge 
group on the space of connections on the surface Cg. Section 4 explains a standard 
construction that yields a covariant constant section of the half density bundle along 
generic fibres of the polarization. Since this construction does not generalize directly to the 
leaf LH, we give a separate construction of a half density along the leaf LH, and explain why 
this is the natural analog of the covariant constant half density along a generic leaf. (We are 
not, however, able to prove that our half density along LH is covariant constant.) Finally, in 
Section 5 we use our sections of 2 lLHO A” (LH) and the BKS pairing to define an invariant 
of a three-manifold N given by a Heegaard splitting, and we demonstrate that this invariant 
has the form of the expected large k limit of the W-R-T invariant. 
2. REAL POLARIZATIONS AND QUANTIZATION 
In section recall basic about real pg about 
manifolds. We the to for details the 
and [9, on latter. 
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2.1. Real polarizations of ,pg 
Let Cg be a compact, oriented two-manifold of genus y. We work from now on with the 
group G = S[/(2), and write R = 511(2). Let 9g denote the moduli space of Aat connections 
on X9. In formulas, we let .d = il’ (11”) 0 g denote the space of all connections on the trivial 
G-bundle on Z”, and let .dF = I.4 E ..&: FA = dA + A A A = 0). The gauge group 
9 = Maps (Cg, G) acts on .d and on dF, with y E 9 taking A to A9 = 9-l Ag + g-l dg. 
Then Pg = .dFl??. 
Alternatively, we can consider -4”; as the space of conjugacy classes of representations of 
rcl (X4) into G. Using this description, the space <Y8 c pq is defined as the space of conjugacy 
classes of irreducible representations of rrl (CY) into G. Suppose we are given a presentation 
of Cg as the boundary of a handlebody Hg. We can choose loops a,, . . . , a4 in Cg so that 
[aI 1, . . , [a,] will generate rrl (Hg), and so that by adding some extra loops hr , . , b, in P, 
the fundamental group rcl (X9) wifl be generated by [a,], . . , [a, J, [bl], . . , [b,], with the 
single relation n [Ui] [hi] [ai] _ ’ [bi] - ’ = 1. In terms of such a presentation, the space gg is 
given as follows. 
Let R, c G 2g be given by 
R, = Hom(n,(P),G)= {(A,, . . ..Ag.Bl, . ..*Bg).nAiBiAi_‘B;’ = 11. 
The group G acts on R, by simultaneous conjugation. Then cPq = R,/G. In terms of this 
presentation, the space LH c Cpa of all flat connections on Zg extending to Hg as flat 
connect~on~~in other words, the set of representations of 7c1 (YE:“) coming from a representa- 
tion of x,(Hg)-is given by the image in *pq of the subspace 2, c R, given by 
1, = {(A,, . . . , A,, 1, . . . . 1) E Gg). 
In what follows we will need a description of the symplectic form o on Yq. This is given 
as follows. Let x E ,ub, and let A E ,dF be a flat connection on Cg whose image in y6 is x. 
The space T,&,/, is given by 
T.&,/A = {$ E R’(Cg,g):d$ + [A, $1 = O> (2.1) 
and contains the subspace corresponding to the infinitesimal action of the gauge group, 
T“zYFIA = {d4 + [A, 4]:4 E C-l”(Cg,g)) (2.2) 
Then T5$1, = T.dF!A/T”.dF/,4. On &r there is defined the 2-form i;r given by 
(2.3) 
for L’, w E T,d,j x. The bilinear form given by oil A on 71&rIA then induces a bilinear form 
01, on T,4cg/,; the collection of these bilinear forms is a symplectic 2-form on y$. 
The real polarization of q, is described in [21] (see also [ll]). Let D denote the 
two-sphere with three disks removed, also called the puir ofpants or triplion. The Riemann 
surface Cg may be written as the union of 2g - 2 copies of D, denoted D,(y = 1, . . . ,2g - 2) 
with their boundaries identified pairwise. We thus obtain 39 - 3 simple closed curves in X9, 
the boundary circles of the trinion decomposition, which will be denoted as Ci. We choose 
orientations for the Ci. By choosing a basepoint * and arcs joining * to a point on each Ci, 
we may associate to Ci an element [c”i] of the fundamental group of X9. 
For every such curve Ci, consider the functionx: R, + 1w defined by 
X(r) = trr([CilX 
which descends to a function fi : 9’ + R. We define a map n : pg -+ lR3g-3 by 
7r = (fi f . . . ,.f;g-3). 
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We define Bg = ~(9,) c R 3g-3 The map 71 yields the real polarization of pg: we have the . 
following result, which we will prove at the end of Section 2.2: 
THEOREM 2.1. (see [21], Theorem 2.4). Let x E B,. Then the space 7c- ‘(x) is an isotropic 
subvariety of pg; that is, 
01 Y,rl n-l(x, = 0. (2.4) 
For x E Int B,, the leaves z-‘(x) h ave dimension 39 - 3, and therefore are Lagrangian 
subvarieties of s”,. 
Furthermore, the space LH is one of the leaves of the foliation given by 71; 
LH=lC1(2,2, . ..) 2)cPg. (2.5) 
Associated to the l-forms df; we obtain 3y - 3 Hamiltonian vector fields vi on Cg, which 
are tangent to the leaves of the polarization 7~. For x E Int B,, the Vi(y) are in fact linearly 
independent for all y E K’(x) (See [I 11, Corollary 3.4). 
2.2 Alternative description of the polarization 
We recall now an alternative description of the polarization 7~: 9, --+ B,, as in [l l] 
(Section 2.3) where a fuller exposition is given. This alternative description, related to the 
work of Witten ([23], Section 4.5) runs as follows. The general idea is to characterize a fibre 
z-‘(b) in terms of the gauge equivalence classes of the restrictions of the connections to the 
trinions D,. We will now describe the fibre rr - l(b), where b is a point in B, with coordinates 
xi (i = 1, . ,3g - 3). To do this, we shall pick a connection A on Cg whose gauge 
equivalence class is in 6 1 (b), and which satisfies certain good conditions. The fibre 6 l(b) 
will then be given by deforming A, and the deformation parameters will give an explicit 
description of this fibre. 
Let T c G be a fixed maximal torus, and let t c g denote the corresponding subalgebra 
of 9. 
Definition 2.2. A connection A on Cg is said to be adapted to a trinion decomposition 
(a.t.d.) if there is a tubular neighborhood Ui z ( - 1,l) x S1 of each boundary circle Ci 
(i = 1, . . . ,3g - 3), with coordinates on Ui given by (s, Q s E ( - 1, l), 0 E S’, such that 
Al,, = Xi d0, where Xi is a constant element of t. 
One may easily obtain the following 
LEMMA 
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We now describe the fibre rt-r(b) in terms of a.t.d. connections. Suppose we are given 
one a.t.d. connection A whose gauge equivalence class [A] is in rr- l(b), and a collection of 
elements ri E Ki (i = 1, . . . ,3g - 3). We define a map $ : ni Ki + nc- ‘(b) as follows. Given 
a set of elements (Ti)i=l, ,,, ,3g_3 in ni Ki, we choose a collection of maps gy : D, + G such 
that gy, gYZ are constant on a tubular neighborhood of Ci, where Ci is the boundary circle 
bounding the trinions D,, D,,, and such that 
gylCi = 7igy’lCi. (2.6) 
(The orientation of the trinion and that of the surface determine which trinion to call y and 
which to call y’: we adopt the convention that the orientation of the surface is given by 
u A w, where w is the tangent to the oriented boundary circle Ci and v is a tangent vector 
transverse to Ci and pointing into D,.) We then define a connection A, on Eg by 
ATID, = 42, (2.7) 
These connections agree on tubular neighborhoods of the boundary circles Ci, and hence 
combine to give a connection A, on Eg. We then define $(7) = [A,]. 
We now consider the question of when two such connections, corresponding to different 
elements of ni Ki, are gauge equivalent. We have the following 
LEMMA 2.4. If 7, 7’ are two points in ni Ki, then the connections A, and A,, are gauge 
equivalent if and only if there is a system of gauge transformations Q,,: D, -+ G such that 
1. my E J, for all y. (In other words, the QY are constant maps taking their value in the 
subgroup J, .) 
2. If the boundary circle Ci bounds the trinions D,, D,,, we have 
@y’ ICi ’ 7i = 7; ’ @‘y IC, . 
We are now ready to complete the characterization of the fibre x- l(b): 
(2.8) 
THEOREM 2.5. The map I,!J :ni Kt -+ 7t- ’ (b) is surjective. Moreover, the group I- = n, J, 
has a natural action on ni Ki, which identi$es thefibre 7~~ ‘(b) with ni Ki/‘T. 
Proof: The surjectivity of Ic/ was proved in [l 11. The action of an element 
(Qy&=l, ..,, zg-2 sends (ri)i=r, . . . . 39-3 E ni Ki to (@‘yTi@yi’)i=l, ,,, , 3g-3. Then two connec- 
tions A,, A,, are gauge equivalent if and only if 7,~’ are equivalent under the action of r, by 
the condition (2.8). 0 
This description of the polarization enables us to prove that all the fibres of the 
polarization are isotropic, as stated in Theorem 2.1. 
Proofof Theorem 2.1. Let A be an (irreducible) flat connection whose gauge equivalence 
class [A] is in the fibre n-‘(b), and let tl, p E Q1(Zg, g) be g valued one forms satisfying 
dAc( = dAB = 0, whose images in H’(Cg, dA) = TL?~/(,.,~ are two tangent vectors to the fibre 
7~~ l(b) at A. We want to prove ~(a, /?) = 0. Now from (2.7) we see that the tangent vectors to 
the fibres can be taken to be the images in H ‘(X4, dA) of g-valued one forms a, P E Q’P”, g) 
of the form clID, = d,&, PID, = dA$?, where &, ICI, E fi’(D,, 9) satisfy 
(dAdy)lci = 0, (dAtiy)lci = 0. 
Note that although d, &, dAtiy combine to give an element of Sz’ (Cg, g), the &, Gy may not 
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combine to give an element of R”(Cg, g): hence a and /J need not be in the image of 
dA:n”(~g,g)-,R’(~g,g). 
Now if y # y’ it is cll:ar that ~(a, /?) = 0. Otherwise, we have 
this vanishes because dA$?lC, = 0 for all Ci. This completes the proof. El 
2.3. Quantization in a veal polarization 
We recall some basic facts about quantization. Let (M*“, o) be a symplectic manifold, 
and let _Y + M be a hermitian line bundle over M, with connection V of curvature o. 
Suppose we are given a map z : M ** -+ B” whose fibres foliate M 2n by Lagrangian submani- 
folds. Let Y, denote the sheaf of local sections of Y which are covariant constant in the 
fibre directions: that is, if y E U c M *’ and rr( J.) = x, and we have u E T(n- ’ (x))l, c TM ly, 
then qn E r(U, Y,) satisfies 
V,cJ = 0. (2.9) 
The quantization &? of the system (M, u, 2, V, n) is usually defined as the direct sum of 
sheaf cohomology groups @i H ‘(M, 9,). Now if the polarization rc : M -+ B is a jibration, 
a theorem of Sniatycki ([19], see also [S]) asserts that this direct sum has a basis consisting 
of distributional sections supported along those fibres 71 -l(b) (the Bohr-Sommerfeld fibres) 
for which a global covariant section of _Y along Z- l(b) exists. Our polarization fails to be 
a fibration at some points b E B, so that this theorem is not applicable in our case. Instead 
we de$ne the quantization Z of the system (pg, w, _!Z’, V, n) as the vector space generated 
by the covariant constant sections of _Y supported along the Bohr-Sommerfeld fibres. In 
order to give this vector space the structure of a Hilbert space, we replace these sections by 
their tensor product with certain sections of the bundle of half densities along their 
supports. 
To do this we use the following construction of sections of the bundle of half densities. 
Recall that given a real vector space V, of real dimension n, a density [ on V is defined as 
a map [ : V” + R, such that if g E GL(n, R) = Aut( V”), we have [(gui, . . . ,gu,) = 
ldet sli(ri, . . . , u,). A half density is defined in the same way, with ldet g1 replaced by 
(det gj l”. We denote the space of densities on V by ) A (( V’), and the space of half-densities 
on V by d’*(V). The space A(V) of volumes on V (for which ( det g 1 is replaced by det g in 
the above) is the dual of the highest exterior power of V, that is, A (V) = ( /\max V)‘.t Given 
a manifold M, the bundle of half densities d’*(M) is given by A”*(M)[~ = A”~(TM(,). 
Consider now the case of a real polarization of a symplectic manifold M, given by a map 
7~: M -+ B. If the map n is a$bration above b E B, the half density bundle on the fibre n-‘(b) 
can be endowed with a natural connection, as follows. Consider any point y E z-l(b); then 
since x is a fibration, there is a basis for Tz- ‘(b)l, consisting of vectors which extend to 
Hamiltonian vector fields on a neighborhood (in M) of z-‘(b). Let Xl, . . , X, be vector 
fields on rc- ’ (b) corresponding to such a basis, and let X be another element of Tz- ‘(b)(, 
(whichextends to a Hamiltonian vector field on a neighborhood of x-‘(b) and which we 
tNote the (standard) notation, where 1 A ((V) is defined as the absolute value of the highest exterior power of the 
dual space V’, rather than of V. The space of half densities P(V) is defined analogously. 
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also denote by X). Then, if v is a section of the bundle of half densities on rc- ’ (b), we define 
~241 
(~,~~)(XI, . . ..Xn)ly = X(v(X,, . . ..X.))l,. (2.10) 
Provided the fibre K’(b) of the polarization is connected, any two covariant constant 
sections of the half density bundle over 71 - l(h) differ by multiplication by a constant. 
Let us now return to quantization. Denote by B,, the set of points b E B” for which 
a global covariant constant section s,, : n - ’ (b) + I$ (2) exists. (Again, provided the fibre is 
connected, such a section is necessarily unique up to multiplication by a constant.) Suppose 
that we can find, for each b E I&, a covariant constant section pb E r(d”(f’(b))). Then 
we define the quantization of the system (M, w, 9, V, rc) as the vector space 
Z@ = Oba=(% 0 Pb). 
We define the inner product on 3y by 
((.Q,@P~,s~~@P~,))=O ifb#b’; 
(2.11) 
= j+(b) (Sb,Sb’)pbPb’ ifb = b’. (2.12) 
Here we denote by (sb, sb.) the inner product of the sections sb, sb’ in the hermitian inner 
product on the line bundle; (sb, sb,) Pb&,’ is then a density on n-‘(b), which can be 
integrated. 
3. COVARIANT CONSTANT SECTIONS OF 20 
Consider the line bundle Tk -+ pg, restricted to the leaf LH c <T?, . We will show that this 
line bundle, restricted to LH, has a continuous section which is smooth and covariant 
constant on LH n Yg. Our construction of this section uses the fact that the line bundle Yk 
can be constructed using the Chern-Simons invariant of connections on three-manifolds 
[17]. Since the leaf LH consists of connections on Cg which extend as flat connections on Hg, 
the function cp :A -+ exp ikCS(A) defined on connections on Hg will give rise to a function 
on the space of connections on Cg that correspond to points of LH As we shall show, this 
function will descend to a covariant constant section of Zk restricted to LH n Yg . 
We remark that there exist other leaves of the foliation on which the line bundle 9k has 
a global covariant constant section. The characterization of the set of such leaves was the 
subject of the paper [l 11. 
The bundle 
We some from about line 5?, may constructed 
follows. that = Let dF c9g the map, consider 
trivial dF @ .dF . We give a line on dF/Y a cocycle the 
action of the group dF. 
are given a point E -c3F an element E choose an 
three-manifold N such that dN = Cg, a connection 2 on N with A”Ir?N = A, and an element 
g E Maps (N, G) with gIiN = g. Define the cocycle @(A, g) by 
@(A, g) = exp I’(CS(B-’ As6 + 9-l ds) - CS(AI)) (3.1) 
where the ChernSimons invariant of a connection B E D’(N, g) is defined by 
CS(B) = & s tr(BAdB + 5 BABAB) N (3.2) 
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It was shown in [17] that the function @(A, y) is well-defined; i.e., independent of the 
choice of bounding three-manifold N or of the extensions 2, y” of A and g. We construct the 
total space of the line bundle dp -+ 9, by the equivalence relation on .dF x @ defined by 
(A, z) - (AY, @(A, y)z) (3.3) 
The usual metric on the trivial bundle .dF x C descends to a Hermitian metric on 9%. 
A connection V on Y can be constructed from a connection a on ~2~ x UZ:, given by the one 
form on .dF defined as follows. Let A E .GJ~, and let a E T.d,l, = R’(M, g). Then the 
connection one form 9 on .dF is given by 
(3.4) 
It is easy to check that dq = i& 
3.2. Covaviant constant section of 2’ on LH 
Now consider the leaf LH . Any point x E LH may be represented by a flat connection 
A E dF with q(A) = x. Since x E L,, any such flat connection A extends to a flat connec- 
tion on Hg; that is, there exists a flat connection A” on Hg with Al,. = A. In fact, 
a representation of n,(Hg) is determined by a representation of ret (C”) (because the 
generators of nl(Hg) can be taken to be a subset of the set of generators of rcl (Cg)), so the 
extension of the flat connection A over Hg is unique up to gauge transformations on Hg 
which are trivial on the boundary X9: we denote the group of such gauge transformations 
by BO. In other words, letting RI” denote the space of flat connections on Hg, we have 
a function e: q-‘(L,) -9 &,/go. 
On the other hand, the space G!~ comes equipped with a complex valued function 
$ : d, -+ C given by 
@(B) = exp iCS(B) 
for B E J&‘~. Furthermore, if g E Y. and B E & H, then exp(iCS(B)) = exp(iCS(Bg)). Thus 
G descends to a function ~p:&~~jY~ -+ C. Therefore on the space q-‘(L,) there is defined 
the function cp n e: q- ‘(LH) + @. Using the definition (3.1H3.3) of the line bundle 9, it is 
immediate that the function q 3 e descends to a section @: L, + 2 of the line bundle 9. It 
remains to show that this section is covariant constant on Lfi n c4”g. 
We must show that V,@(x) = 0 for all u E TL,I, and a11 x E cY9, Since TLHI, c 7’Ygjx, 
and since TcYgI, is a quotient of T&,1,, where A E q-l(x), it will suffice to show that the 
function q 3 e satisfies 
for all v E Tq-‘(L,)l,. 
Now recall that any connection A E q-l(L,) had an extension A’ E <dH, a representative 
of the equivalence class e(A) E afH/go. Similarly, any element v E Tq-‘(L,)(, has an 
extension fi E Q1 (Hg, g), satisfying dd + [.& E] = 0. Let us compute a,(cp 0 e)(A). 
We have 
cp o e(A) = exp i k 
s 
tr(Lr\dA” + 5 (A)“). 
H” 
Then 
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computing the first term, we see that 
= -ik( 6. tr .4 A 0 ) b 0 4 (4 = - (vLb)) (cp 0 4 (4 
so that 
as needed. 
QV(cp 0 e) (A) = 0, 
We have thus proved the following result. 
THEOREM 3.1. There exists a section s : LH -+ 9 IL” which is continuous everywhere and 
couariant constant in any direction on LH n Yg. 
4. SECTIONS OF THE BUNDLE OF HALF DENSITIES 
In order to perform half-density quantization of the bundle _Y -+ -Fa, we must find 
suitable sections of the bundle of half densities on the leaf L,. This is less straightforward 
than it might appear, since the leaf L, is not smooth and the bundle of half densities is 
ill-defined. To circumvent this problem we define a bundle which will reduce to the 
half-density bundle on L, n Yq. The definition, which is given in Section 4.1, will almost 
carry with it a construction of the appropriate section p: we construct p at the end of this 
section. In Section 4.2, we first describe the usual construction of covariant constant half 
densities on generic leaves of the polarization. Unfortunately, the definition (2.10) of 
a covariant constant half density requires the existence of Hamiltonian vector fields tangent 
to the polarization 71, and the natural Hamiltonian vector fields defined on pg vanish on the 
leaf LH. However, the half density p on this leaf is a natural analog of these covariant 
constant half densities, although we are unable to prove it is covariant constant in the sense 
of (2.10). The remainder of Section 4.2 explains this analogy. 
4.1. half-density bundle on L, 
Recall that the subvariety L, is given by the space Gg/G of conjugacy classes of 
representations of the fundamental group n,(Ng)-a free group F4 on g generators-into 
G. In order to describe the tangent space to this space, it will be convenient to recall some 
facts about cohomology from [13]. 
Suppose N is a cell complex. Consider a representation ,? of n,(N) = n in G. Then the 
Lie algebra g is acted on by II under the composition of the adjoint action of G and 
the representation 2: we inroduce the notation g* to denote g with the II-module structure 
from 2. 
Let 3 denote the universal cover of N: it is acted on by II. We define the cellular chain 
complex C,(N, g?) as the quotient of C,(E) @ g under the equivalence relation 
0 @ X - ap 0 Ad(x’(p))-’ X (4.1) 
for p E n, CJ E C,(i), X E g. The usual differential on C,(N) is compatible with this 
equivalence relation, and thus descends to a differential 6, on C,(N, gn). By dualizing one 
may obtain the corresponding cochain complex C*(N, g*), with its differential d, = a,*. 
We have the following 
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LEMMA 4.1. Suppose h E G. If .? and hZh_ ’ are two conjugate representations of nl(N) in 
G, then the map Ad(h) : g + g induces an isomorphism of the chain complexes C,(N, gf) and 
C,(N, ghnh-l). Hence one obtains a natural isomorphism between the cohomology groups 
H’(C,(N, gf)) and H’(C,(N, Shah-l)). 
We shall mainly be interested in the zeroth and first cohomology groups of this complex. 
We recall the following from Section 1.4 of [6]: 
PROPOSITION 4.2. Let x E Hom(n,(N), G)/G. The choice of a particular 
2 E Hom(rc, (N), G) in the conjugacy class x identifies the Zariski tangent space to the space 
Hom(rr, (N), G)/G at x with the jirst cohomology group H1 (N, gp). These identifications are 
compatible with the isomorphisms of Lemma 4.1. 
Furthermore, the Lie algebra of the isotropy group of 2 (the subgroup of G fixing the 
representation 2 under conjugation) is H’(N, 9,). 
Now suppose N is the genus g handlebody H = Hg, which is homotopy equivalent to 
a wedge of g circles. Its fundamental group II is the free group Fg on g generators. We denote 
the cohomology groups of Hg by H’(F,, gr). 
Let x E LH and let 2 E Gg be a representation of the free group F, whose conjugacy class 
is given by x. For x E LH n Yg, the tangent space to La at x is then given by H ‘(F,, gf). This 
cohomology group is of constant dimension on Yg (the submanifold of pg consisting of 
irreducible representations): however, for reducible representations 1 (i.e., those where dim 
H”(Fg, gi) > 0), this dimension will change. The space of constant dimension is then the 
virtual vector space 
X(F,, gs) = H’(Fg, 91) 0 H’(Fg> gi) 
The easiest way to see this is to use the exact sequence 
(4.2) 
o _+ H’-‘(F,, gf) -+ g5 Z’(F,, 92) -‘H’(& 92) --,O 
This sequence arises by concatenating the short exact sequences 
0 + H”(Fg, gJ + g A B’(F,, gi) + 0, 





Z’(F,, gzi) = C’(F,, gJ = gg 
is just the tangent space to the manifold Gg at 2’; thus its dimension is independent off, as is 
the dimension of the vector space g. Hence the space X(F,, gp) also has dimension 
independent of 2. 
In order to define the bundle of half densities, we use the following basic lemma: 
LEMMA 4.3. An exact sequence of vector spaces 
induces an isomorphism of the corresponding volumes, densities and half densities: 
@ /P” Vi 2 @ Amax I V (and likewise for 1 A/ and d12). 
i even i odd 
TOP 32:3-F 
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We may use this lemma to define our bundle of half densities. We take /\l”(LH) to be 
given by 
/\“2(&f)lx = r\“‘(H’(F,, gr)) 0 A “2(Ho(G St))’ (4.6) 
The exact sequence (4.3) identifies A”~(L~)(~ with Ali2gg 0 ( r\‘j2g)‘, and thus shows that 
the lines A”‘(L~)~~ form a line bundle over LH . Clearly when one restricts to the subspace 
9, of irreducible representations, for which H’(F,, gp) = 0, one has d”(LH)IL,, m:fg = 
A”’ (T(L, n Yg)), so that our line bundle coincides with the ordinary bundle of half 
densities on LH n Yg. 
We now construct a half density p on LH . This is obtained from the volumes defined by 
Johnson in [13]. Consider again the exact sequence (Eq. 4.3): 
0 -+ HO(Fg, %) --) 9 --) Z’(G 91) + H’(F,, $31) -+ 0 
Let us choose a bivariant element j. E A~” (9)‘. This produces a volume on g, and also on 
gg. The resulting volume on gg is an element v(n) E Amax( 
PROPOSITION 4.4. For any ,? E Gg, there exists a volume element w(& 2) E ~~~~ 
H’(F,, gf)’ @ Amax H”(Fg, gi). Associated to w(,l; 2) is a half-density, i.e., a section 
p E T(r\‘12(LH)) which is continuous everywhere and smooth on the smooth part of LH. 
Proof. We apply Lemma 4.3 to the exact sequence (4.3) equipped with the volumes 1. on 
g and u(A) on gg = Z’([,, g?). This yields the volume w(A; 2). These volumes are compatible 
under the isomorphisms of Lemma 4.1, and hence define a section p of d”(LH). 0 
4.2. The section p of /\‘j2(LH) 
In this section we will study the section p of the bundle of half densities /\‘j2(LH). To 
place this in context, we recall that in the case when the map 71: M 2n -+ I?” is ajbration near 
a point b E B, there is a standard way to construct a covariant constant section of the 
bundle of half densities on the leaf z-‘(b). (See [7], Section V.6) We write the projection 
n locally as (fr, . . ,fn), and thus obtain elements ((df,), . . ,(dfn)J of T* MI,, which form 
a basis for n: T* B lb. Hence we obtain vertical vector fields ui , . . . , v, along rt ’ (b), which 
( ) ’ b of the Hamiltonian vector fields associated to the functions5 
Since 71 is a fibration, (dfi , . , dfn)X is a submersion onto R”, and hence the vi are linearly 
independent. We may thus define a volume 5 on C’(b) by setting 
U(Vl),, ... ,(i&),) = 1 (4.7) 
for x E 7c- 1 (b): clearly this volume depends on the choice of functionsh only up to an overall 
constant (independent of x E Y l(b)). Th e covariant constancy of this volume element 
follows immediately from the definition (2.10). There is a corresponding covariant constant 
half density I[ I “* on n- ’ (b). In the case M = gg, the vertical vector fields Vi may be taken to 
be the Hamiltonian vector fields defined in Section 2.1. 
However, the map 71: p9 + B, is not a fibration near the particular point 
b = (2, . . . . 2) = z(L,): in particular the differentials (dfi)b, . . ,(dfn)b are all zero at this 
value of b. So the definition (4.7) no longer makes sense, and we must look for some analog 
of the vector fields vi, . . . , which 
given 
Section In treatment there, fibre (b) naturally with 
quotient product Lie Ki an of Lie I. Ki the 
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stabilizer Stab (A Ici) of an a.t.d. flat connection A whose equivalence class lies in K’(b), 
restricted to the boundary circle Ci of the trinion decomposition, while r = n::,’ J,, 
where J,. = Stab@ IO,) for each trinion D,; see Section 2.2). In other words, for every fibre 
n- l(b) we have an identification 
39-3 




This identification endows the fibre with a natural volume form which arises from the 
bivariant metrics on the Lie groups Ki and r. Specifically, for every point x E ni Ki 
corresponding to [x] E (n, Ki)/T, denote by r, the stabilizer of the action of I- at x. We 
thus obtain an exact sequence 
0 + Lie(T,) --t Lie(T) -+ @ Lie(Ki) 
1 -Tk! Ki)ir)I,.,-o~ 
(4.9) 
and using Lemma 4.3 we obtain a volume fi on T((fl, Ki)/r)lrXl from the volumes on Lie(F) 
and Lie(Ki). 
For a generic fibre 7t- ’ (b), the volume obtained by this means is the same as the volume 
5 defined by (4.7). For all the stabilizers Ki are then just copies of the maximal torus T, and 
the group r is just a product of copies of the centre Z(G) = ;2*. 
However, the identification of the fibre LH with Gg/G also arises naturally from the 
approach of Section 2.2. In this case the stabilizers Ki are given by Ki = G for all i. Similarly, 
any flat connection in this fibre restricts on each trinion D, to a connection equivalent under 
the gauge group action to the product connection, so the stabilizers J, are also copies of G. 
Moreover, every point in G 3g-3/r is in the equivalence class under r of a point 
(71, . . ..Tg. 1, . . . . 1) in Gg, since we may use the stabilizer I- to impose the condition that the 
elements(7,+,, ...,T~~_~) are equal to 1. The subgroup of r which preserves this condition 
is just the diagonal subgroup G = {(g, . . ..g)} of I- = G 2g-2. this subgroup is identified 
with a copy of G which acts on Gg by conjugation. Thus we recover the identification of LH 
with Gg/G. Furthermore, the volume form p on Lw = Gg/G is precisely the volume form 
w(& 2) obtained in Proposition 4.4. In this way we see that the half density p on LH is the 
natural analog of the covariant constant half density 1 tll” on generic fibres rc-‘(b), 
although we do not know whether p is covariant constant on LH. 
5. THE BKS PAIRING 
Suppose we are given a Heegaard decomposition of a three-manifold N, N = Hl u H,, 
where i3Hl = i3H2 = Cg. Here, we fix a standard handlebody Hg with c!JHg = Cg: the 
handlebody Hl is just Hg, while the handlebody Hz (with 8H2 = zg) is diffeomorphic to Hg 
via a diffeomorphism which restricts on the boundary Cg to a given diffeomorphism 
Y E Diff(Xg). Thus N is obtained by gluing two copies of the standard handlebody Hg along 
their boundaries Xg via the diffeomorphism ‘I”. 
Corresponding to this decomposition we will find two Lagrangian subvarieties LHI, 
LH2 c s",; in fact, L,, = Y * LH,, where the diffeomorphism Y acts on the moduli space pg 
of conjugacy classes of representations of the fundamental group in the usual way. The 
diffeomorphism Y* of pg lifts to a bundle map \T, . *. L? + 2, which preserves the connec- 
tion on 2. (This lifting is described, for example, in the Appendix to [2]). 
The subvarieties LH1 and LH2 are both equipped, as we have shown, with distinguished 
sections of 55pILH, @ /\'12(LHi). We would like to use these sections to produce a density on 
&I, n LH2’ which can be integrated to produce an invariant. Since for g 2 2 there will exist 
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diffeomorphisms Y E Diff(Zg) for which LH, and LH2 are neither 
we must work with a BKS pairing appropriate to this situation. 
5.1. Construction of the BKS pairing 
identical nor transverse, 
Let (X, w) be a symplectic vector space, and let A,, i, c X be Lagrangian subspaces of 
X. Then there is an exact sequence 
0-t~.,n~,~~,0~2~XXCoko_,0. (5.1) 
Here, j(x) = (x,x); also, cr(x, y) = x - y, and x is the natural projection 
X 5 Coka = X/Ima. 
This sequence gives rise to a natural isomorphism 
r\“‘(i, n AZ) @ r\“‘(Cok o)’ z rij2(n,) 0 ~i’~(n,) @ i?“(X)‘. 
In fact this is equivalent to an isomorphism 
1 Al (A, n A2) g n”“(&) @ d/2(22) @ A”‘(x)‘, 
since the exact sequence (5.1) gives a natural isomorphism A1 n A2 g (Cok a)‘. This isomor- 
phism is given by a map $ : Cok o + (2, A AZ)‘, defined as follows. Let c1 E Cok g. Then there 
exists 6 E X such that ~(6) = a. We define 
($(a)) (0) = cG, 8) (5.2) 
for all /3 E il, n AZ. If 6’ E X also satisfies x(6’) = a, we have o(& /I) - w(&‘, 8) = 
w(G - E’, fi), and ~(6 - !Z) = 0, so that 6! - g’ = a(<), where 5 E Al 0 &; then 
w(a(<), /I) = 0, so that the map $ is well-defined. Exactness of the sequence (5.1) shows that 
the vector spaces A, n E., and (Cok a)’ have the same dimension; since the pairing given by 
o is nondegenerate, $ must be an isomorphism. 
Now suppose we are given elements pj E ~“‘(2~). The space X is equipped with a half 
density given by the square root of the density obtained from the usual symplectic form on 
X. Applying Lemma 4.3 to the sequence (5.1), we obtain an element [(pl, pz) E 
~“~(2~ n A2) @( r\“2(Coka))’ z ) A( (A1 n I.,). 
We now apply this result to the case of vector spaces X, ltil, A2 given as tangent spaces to 
a symplectic manifold (M, w). Suppose we are given two Lagrangian submanifolds L1, 
L2 c M, with inclusions kj : Lj -+ M, and sections pj E I( A1’2 (Lj)) of the corresponding half 
density bundles. 
Suppose that L1 n L2 is a smooth manifold. We will show that the sections pj allow us to 
produce a density on L1 n L2. Consider, then, any point x E L1 n L,. Let TM\, = X, 
TL1 Ix = Al, TL2(, = ,12. Assume that T(Ll n L2)lx = A, n A,.? We then have the exact 
sequence (5.1). The sections pj(X) provide elements of A1’2(Aj); thus, as above, we have 
THEOREM 5.1. Let (M, o) be a symplectic manifold. Let Ll, L2 c M be Lagrangian 
subvarieties of M, and suppose we are given sections of the bundles of half densities over Li, 
p1 : Ll -+ /P(L,), p2 : L2 -+ /v(L2). 
If L1 n L2 is a smooth mangold and L1 and L2 have clean intersection, we obtain a density 
i(Pl, P2) E I Ai WI n L2). 
tLet M be a manifold, and let L, , L2 be submanifolds of M. The submanifolds LI and L2 are said to have clean 
intersection at x E L, n L2 if TL, Ix n T&lx = T(L, n L2)li. 
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Suppose in addition that we have a Hermitian line bundle 9’ + M, and sections 
Si : Li + 9 IL, (i = 1,2). Then we obtain a functionf = (sl, s2 ) on L, n L2. The BKS pairing 
density of the sections si @ pi E l-(9 @ A”‘(Li)) is then the density on L1 n L2 defined by 
(s1 0 Pl, s2 0 P2) =fih, P2). (5.3) 
Using the BKS pairing we may make the following 
Definition 5.2. Let M be a symplectic manifold, and L1, L2 c M Lagrangian submani- 
folds. Suppose that L1 n L2 is a smooth manifold, and that L1 and L2 have clean 
intersection. The generalized BKS pairing < s1 @ pl, s2 @ p2 > of the sections Si @ pi of 
YIL @ r\“2Li is the quantity 




fib 3 P2). 
I 2 L, n L 
5.2. Application to the mod&i space 
We now wish to apply this BKS pairing to the case of the moduli space. Recall that given 
a three-manifold N and a Heegaard decomposition N = H1 uZB H2 of N along a surface Cg 
of genus g, we obtain two Lagrangian subvarieties LH,, LH2 c pg. By Theorem 3.1, we are 
given canonical sections Si : LH, -k YklLH,, while by Proposition 4.4 we obtain sections 
‘I2 pi: L, --t A ( LH ) Here, A”~(L~) is a line bundle over the space LH: however, its fibres are L . 
not at every point x canonically isomorphic to r\‘12(H’(Hg, d.J), because of the factor 
A”~(H’(H~, d,)) that is present in (4.6) when 2 is a reducible representation. This discrep- 
ancy occurs only at the singular points of the moduli space LH, and reflects that fact that if 
M is a manifold, the natural object to associate to a point x E M is the vector space TMI,; 
on the other hand, the natural object to associate to a point x in a moduli space 
Hom(x, (N), G)/G is the virtual vector space @jodd Hj(N, gf) 0 @j.-,,” Hj(N, ga), where 
I is (any) lift of x to Hom(n,(N), G). We must therefore generalize our notions of densities, 
half densities, and BKS pairing to allow for this difference. 
De3nition 5.3. Suppose N is a manifold equipped with a representation 2 : x1(N) + G. 
Then the space of generalized half densities on H*(N; gs) is the space 
A”~(H*(N; gr)) = @ r\“‘(H’(N; gf)) @ @ P?‘~(H’(N; gf)‘). 
i odd i even 
For us, the most important example of a generalized half density will be the square root 
of the Reidemeister-Ray-Singer torsion invariant, which arises from the cellular chain 
complex considered in Section 4.1. The following material is discussed in [4], [13] and [23]. 
Suppose a chain complex (C,, d) is equipped with volumes, i.e., for each i there is defined 
an element pi of ( AmaxCi)‘. Then we may define the Reidemeister torsion of the complex as 
follows. For each i, we pick a maximal set of elements b’, , . . . , bLi in Ci such that d is injective 
on the subspace of Ci spanned by bj, j = 1, . . . , ni . If the complex C, is acyclic, then we make 
the following 
DeJinition 5.4. Suppose C, is an acyclic chain complex equipped with volumes iui. Then 
the torsion T(C,) is an element of @, given in the above notation by 
(5.4) 
where we write b’ = A:= 1 bj, and db’ = A:= 1 dbj. 
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One may verify that this definition of the torsion is independent of the choice of 
elements b$ . 
If the complex (C,, d) is not acyclic, we can construct a similar quantity as follows: 
Definition 5.5. Suppose C, is a chain complex equipped with volumes pi. Then the 
torsion T(C,) is an element 
T(C*) E @ [Amax H2i+l(C*)I 0 0 CAmaxH*i(C*)I’, 
2i+ 1 2i 
given by 
(5.5) 
Here, hi are elements of A”‘~~ Hi(C*), and 4 is a lift of hi to AdimHt’C*‘Ci. 
Using the properties of exact sequences one readily obtains the following 
PROPOSITION 5.6. Suppose there is an exact sequence of chain complexes 
and that the volumes on the complexes are compatible with the exact sequence (cf Lemma 4.3). 
Then we have 
T(C:) = T(C:) T(C;). (5.6) 
(This is an equality of complex numbers if the complexes in question are acyclic. Otherwise, the 
homology groups of the complexes are related by the corresponding long exact sequence of 
homology groups, and (5.6) holds under this identification.) 
The complex that interests us is the cellular chain complex C, (N, gl) defined in Section 
4.1, where N is a cell complex and 2: rcr(N) + G is a representation of the fundamental 
group. The metric on g provides a volume on C,(N, gl): we take 05 0 X, to be an 
orthonormal basis for C,(N, g2), where gj are the i-cells in the universal cover I? and the Xk 
are an orthonormal basis of g. This volume is well defined: since the adjoint representation 
is an orthogonal representation of G, the definition is compatible with the equivalence 
relation (4.1). The torsion of the cellular chain complex is then an element 
T(Cz+c(N, gi)) E O C Amax Hzi+ l(N, g.t2)10 O ~~~~~ ff2i(N, ~11’: 
2i+ 1 2i 
hence (because H’(N, gx) E H,(N,g,)‘) the torsion may be identified with an element 
T(N; 2) E @ [ /\max H2’+l(N, g,)]‘@ @ [Amax H2’(N, gi)]. (5.7) 
2if 1 2i 
The isomorphisms in Lemma 4.1 identify the torsion T(N; 2) with T(N; hT_hh’), SO that the 
torsion descends to define an equivalence class z(N; x) depending only on the conjugacy 
class x E Hom(rtr(N), G)/G. 
Now the torsion T(Cg; 2) of a surface Eg takes values in A”‘~~H~(~~, gf)’ @ 
Amax ff2(xg, gi) @ Amax HO(Cg, gf). Poincare duality says H2(Cg, gl) is canonically dual 
to HO(Zg, gi), so in fact T(Cg; 2) E ~~~~ H1(Eg, g.J’. Now H ‘(Zg, g,) is a symplectic 
vector space, with the symplectic form o given by the cup product 
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Hi (Cg, ga) @ H ’ (Cg, gl) + H2(Eg, R) % R. The torsion T(Eg; z?) may be identified with the 
symplectic volume on H1 (Cg, g,).t 
Furthermore, the volume w(/.;.?) constructed in Proposition 4.4 is just the torsion 
T(Hg; 2) of the handlebody Hg with respect to the representation 2 (see for example Section 
9 of [13]). This follows because the genus g handlebody Hg is homotopy equivalent to 
a wedge of g circles, so the cellular chain complex C,(Hg, g*) is chain homotopic to 
a two-term complex which is just the dual of the complex 
which appears as the middle two terms of the exact sequence (4.3). Furthermore, the pairing 
of top exterior powers (Lemma 4.3) yielding w@; 2) is precisely the pairing that yields the 
torsion (5.5) as an element of ~~~~ H’(Hg, gl)’ 0 ~~~~ H”(Hg, gn). 
The above identification will help us to relate the torsion with the density [(pi, p2) given 
by Theorem 5.1: see Theorem 5.12. 
5.3. Pairings of generalized half densities 
Suppose a manifold N is given by a decomposition N = N, uX N,, where N1 and N2 are 
manifolds with a common boundary X. Let ,? be a representation of ni(N) into G, and let 
I denote also its restriction to representations of rri(Ni), nl(Nz), 7ti(Z). Then the 
MayerVietoris sequence of the triple (N, Ni, N2) relates H*(N, gl) with H*(Nr, gf), 
H*(N2, gl), H*(X, gZ). In particular, we see that there is an isomorphism 
Z: ~“~(kf*(Ni, g?)) @ r\‘12(W*(N2, gp)) @ A 1’2(H*(C, gn)‘) 2 r\‘12(H*(N, gi)). Suppose 
we are given generalized half densities pN,, pN2, pz on Ni, N,, and C. Then we may form the 
half density Z.(P~~,,P~~; pZ) E A~‘~(H*(N, gp)). 
The following is a consequence of Proposition 5.6: 
PROPOSITION 5.7. Suppose a manifold N is given by a decomposition N = N, ux N2, where 
N1 and N, are manifolds with a common boundary C. Then we have 
T(N; 2) = E(T(N1; .f), T(N2; 2); T(Z; a)). 
5.4. Application to Heegaard decompositions 
There are certain special features of our situation which result from the fact that in 
a Heegaard splitting the manifolds N1, N, are the handlebodies HI, H2. These will enable 
us to recover the sequence (5.1) from the Mayer-Vietoris sequence. 
We shall denote points in Hom(n, (N), G) by I, and use x to denote the corresponding 
points in J!(N), LH,, and *s”, . We now show that in the case of a Heegaard splitting, 
PROPOSITION 5.8. The space H’(Hg, g,) is a Lagrangian subspace of H’(Cg, gp). 
Proof: Any two elements of H l(Hg, gf) have cup product 0, so H ‘(H”, gf) i’s an isotropic 
subspace of H ‘(X9, g?). Thus one must simply establish that dim H ‘(X:“, gs) = 
tA rigorous proof of this point is given in 1231 (Section 4.2, Eq. 4.16 to 4.28): it relies on a cancellation property 
based on Poincarl duality. and generalizes the proof used to show that if N is an even dimensional manifold and 
the cellular chain complex C,(N, LJ,) is acyclic, then T(N; 2) = 1. See also Theorem 1 of [lS] or Section 6(2) of 
1161. 
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2 dim H ‘(Hg, gf). Now one sees from (4.3) that dim H1 (Hg, gf) = 3g - 3 + dim H”(Hg, g.J, 
while dim H ‘(Cg, gx) = 6g - 6 + 2dim H”(Cg, gx). The fact that H”(Hg, gf) z H”(Cg, 9%) 
follows because rrr(Xg) surjects onto xI(Hg) so that 2 E Hom(rci(H”),G) and its image in 
Hom(rcr (Cg), G) have the same stabilizer. (Notice that this fact is peculiar to handlebodies 
and does not hold for general three-manifolds with boundary X”.) 0 
We now examine the Mayer-Vietoris sequence associated to the triple (N, HI, H,). We 
have 
. . . + H’(N, g,)AHj(H,, gJ @ H’(H,, gz)AHj(cg, g,)L ... (5.8) 
so that one portion of the sequence becomes 
0-t H’(N, ga)/Ker ~1~ + H1(H2, gJ 0 H’(H,, ga)+ H’(Xg, ga)-, H’(N, gp) -to (5.9) 
Now, however, a dimension count (using Proposition 5.8) and the isomorphism 
H’(N, gf) r H’(N, gp)’ tell us that Kersc, = Im6, = 0. Thus the part of the 
Mayer-Vietoris sequence involving H1 is 
0 + H’(N, 92) -+ H’(Hz, g.J 0 H ‘(If,, g,J + H’(Cg, gn) + H’(N, gn)’ + 0 (5.10) 
which is precisely the sequence (5.1). Consideration of the portion of the Mayer-Vietoris 
sequence involving Ho now shows that H’(N, gf) z HO(Hj, gf)( cz H”(Cg, gz)). All of’ these 
spaces are isomorphic to hX = Lie(Stab z?), and the part of the sequence involving Ho is just 
the natural sequence 
where clo(z) = (z, z) and Bo(zl, z2) = zl - z2. 
A choice of a bivariant metric on g gives rise to an element v, E ~“~(b:) (which is 
constant for x in a given component of d(N)). We may then write our generalized half 
density pjlx E r\“‘(H’(Hj, gJ) &I r\“‘(HO(Hj, gf)‘) as pjlx = ~3~ 0 V, for some 
PX E A”‘(H’(Hj, Sz)). 
Now the sequence (5.1) enables us to pair p3X, pTX and the density on H’(Xg, gf) arising 
from the symplectic volume, to obtain a density i(px, PX) = i(%,%)(x) E I AI 
(H’(N, ga)). As before, letf= (sl, s,), where sj are the covariant constant sections of 9kl,H, 
defined in Theorem 3.1. 
Dejinition 5.9. The BKS pairing density on the moduli space .&Z(N) is 
(~1 O-i;;-> ~2 O-i;;,Cx, = C(l%,?%, (x)f(x) E I4 W’W, g.9). 
In order to integrate this density on the moduli space d(N), we shall restrict ourselves 
to three-manifolds N for which the moduli space A(N) satisfies certain assumptions, given 
in the next 
Dejinition 5.10. The moduli space &k’(N) associated to the three-manifold N is very 
smooth if the following conditions are satisfied: 
1. Each component of LH, n LH2 = d(N) is a smooth manifold. 
2. LH, and LH2 intersect each other cleanly in the sense that T(A(N))IX = H’(N, gz).f’ 
tIf 2 is an irreducible representation of n1 (N), this condition is equivalent to LH1 and LH2 having clean intersection 
in our earlier sense. 
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3. The dimension of H’(N, gf) is constant on each component of &(iV). 
Examples of N for which J#(N) is very smooth include connected sums of Seifert fibred 
homology three-spheres with three exceptional fibres [3]. We note that the conditions 
above do not require the moduli space to consist entirely of irreducible representations. 
If &Z(N) is very smooth (see Definition 5.10), we may apply Theorem 5.1 to obtain 
a BKS pairing < s1 @$+,sz @z> as the integral of a density on ,4’(N) = Lw, n LH2: 
Definition 5.11. Suppose J@(N) is very smooth. We then define a quantity Z(N, k) by 
As it stands, both the BKS pairing density (sl Ox, sz @z) and the quantity Z(N, k) 
are defined not purely in terms of the manifold N but in terms of a Heegaard decomposition 
of this manifold. To show that they are manifold invariants, we will identify (si, s2) with 
the Chern-Simons invariant of flat connections on N, and we use the earlier remarks on 
torsion and the payer-Vietoris sequence to express [(z,s) in terms of the torsion. By 
Prop. 5.7 and the remarks at the end of Section 5.2 (identifying T(C#; Z) and TfH@; z?) in 
terms of other quantities), we have the following: 
THEOREM 5.12. Let x E LH1 n L,,, and let [(fi,/i;;)(x) be the density of x defined 
above. Then the square roof of the absolute value of the torsion 
T”~(N;I) E IAI(H’(N, gf))O l~ifH~(N, gJ) is given by 
T”‘(N; 2) = i(%,z)(x) 0 vf .
Remark. In the case when LB1 n I;,, consists of a discrete set of points, this identifica- 
tion of the torsion t(N; x) as a pairing of volume elements from Lagrangian subvarieties 
appeared in [13], section XI, Theorem 1. 
We return now to the BKS pairing and the quantity Z(N, k) defined by Definition 5.11. 
In our situation, let A be a Bat connection on N representing a point x in L1 n Lz, and let 
A,, A2 denote its restrictions to H1 and I&. We then have, by the definition of the sections 
%,Sz, 
f(x) = (sl(x), Q(X)) = exp ikCS(A,) exp ikCS(Az) = exp ikCS(A). (5.12) 
Thusf(x) is an invariant quantity defined independently of the Heegaard splitting. 
Combining this with Theorem 5.12, we have 
THEOREM 5.13. The BKS pairing density is 
(SI O~,s20~)(4 =f(x)dN;~)“~OK2 
and hence is independent of the Heegaard splitting. 
Our final result is thus the following 
THEOREM 5.14 Let N be a three-manifoldfor which the moduli space d(N) is very smooth. 
Then the three-manifold invariant Z(N, k) of Definition 5.11 is given by 
2 = Z(N, k) = 
s 
x~~(N~f(x)~(N;X)1’2~v~z. (5.13) 
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Here, f(x) is yiven by equation (5.12), and t(N; x) is dejined after equation (5.7); v, is the 
element of A”~($:) (constant on components of A(N)) introduced after (5.11). 
We therefore conclude that Z(N, k) is an invariant of the three-manifold N and does not 
depend on the choice of a Heegaard decomposition, since the Reidemeister torsion and the 
Chern-Simons invariant of a flat connection A are topological invariants of the manifold 
N and flat connection A, while G‘, is constant on each component of A!(N). 
In the case where the space A!(N) is zero-dimensional, the large k limit of the W-R-T 
invariants Z WRT(N, k) is treated in [S] (1.32). The terms in the sum giving this invariant 
(corresponding to isolated gauge equivalence classes of flat connections A on N) agree with 
the terms in our invariant (5.13), with two differences. First, the integer parameter k is 
shifted to k + 2. Second, each term is multiplied by some power of eini2: these factors do 
not appear in our work. We note however that the half-density quantization used in this 
paper should perhaps be replaced by half-form quantization, as is often the case in 
geometric quantization. It is possible that by using half-form quantization, one might 
eliminate the discrepancy between our invariant (5.13) and the full form [S] of the large 
k limit of the Witten invariant. 
Finally, we remark that in the case where A(N) is zero-dimensional, the appearance in 
the large k limit formula of the square root of the torsion seems mysterious at first sight. 
When the moduli space of flat connections on the three-manifold is not zero-dimensional, 
the appearance of the square root is natural and indeed necessary, as the absolute value of 
the torsion T(N; 2) itself is not a density but (for irreducible 2) an element of 
I~l(H’(N,g,))01~I(H2(N,~~)‘)r I~W’U’J,S,)) @ 2 It is only after taking the square root . 
of an element in j A I (H2(N, gl)‘) @ I A I (H’(N, gf)) that we obtain a density on A(N). 
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